Abstract. We study the restriction to smaller subgroups, of cohomology classes on arithmetic groups (possibly after moving the class by Hecke correspondences), especially in the context of first cohomology of arithmetic groups. We obtain vanishing results for the first cohomology of cocompact arithmetic lattices in SU (n, 1) which arise from hermitian forms over division algebras D of degree p 2 , p an odd prime, equipped with an involution of the second kind. We show that it is not possible for a 'naive' restriction of cohomology to be injective in general. We also establish that the restriction map is injective at the level of first cohomology for non co-compact lattices, extending a result of Raghunathan and Venkataramana for co-compact lattices.
Introduction
In this paper we study the restriction to smaller subgroups, of cohomology groups of arithmetic groups, especially in the context of first cohomology of arithmetic groups. Here, "restriction" actually means restriction of the cohomology class in question, after possibly moving the class by "Hecke correspondeces" (we call this the weak restriction, see Definition 2 in Sect. (2.1)).
Our first purpose here is to obtain vanishing results for the first cohomology of cocompact arithmetic lattices in SU (n, 1) which arise from hermitian forms over division algebras D of degree p 2 , p an odd prime, equipped with an involution of the second kind. Our proof is a variant of a method of Oda [O] , who proved that the Albanese variety of an algebraic variety of the form \SU (n, 1)/K is a factor of the direct sum of the abelian varieties associated to Shimura curves. Here is an arithmetic lattice in SU (n, 1) of the type shown by Kazhdan [K] to have nonvanishing first Betti number, and K is a maximal compact subgroup of SU (n, 1).
We first establish that the weak restriction map (see Definition 2 of Sect. (2.1)) from a compact arithmetic quotient of the unit ball in C n to any subvariety Z is injective (at the level of first cohomology). Precisely, this means the following. Let be any co-compact (torsion-free) arithmetic subgroup of SU (n, 1). The symmetric space of SU (n, 1) is the unit ball X in C n with an appripriate SU (n, 1) invariant metric, and the quotient \X is a smooth projective variety. Suppose Z ⊂ \X is a subvariety. Then, we prove that given a cohomology class α ∈ H 1 ( , C), the "restriction" in the above sense (of a translate under a Hecke correspondence of ) the cohomology class α to the sub-variety Z is non-zero.
We apply the above result to the following situation. Suppose G is a semi-simple algebraic group defined over Q such that the group G(R) of real points, is, up to compact factors, isomorphic to SU (n, 1). Suppose that H is a semi-simple algebraic Q group with a morphism H → G of Q-groups with finite kernel. Suppose that H (R) is isomorphic to SU (p − 1, 1) up to compact factors, and that the inclusion of the symmetric space of H into that of G is holomorphic. We assume that the subgroup H is of the form R K/Q SU 1 (D), R F/Q is the Weil restriction of scalars, where D is a division algebra of degree p, p a prime, over an imaginary quadratic extension E of a totally real number field F with an involution * of the second kind (see Sect. (2. 3)) such that the unitary group SU (D)(F ⊗ R) is a product of U(p−1, 1) with a compact group. By using the result stated in the last paragraph, we reduce questions on the vanishing of the first cohomology of congruence subgroups of G(R) to that of H (R).
A vanishing theorem for (the first cohomology of ) such lattices in the latter case was proved over Q by Rapoport [Rp, p.291 ], Rogawski [Ro] for SU (2, 1) and in full generality by Clozel [Cl] , using the results and methods of Kottwitz in his work on the zeta functions associated to Shimura varieties. We deduce from this result, and the injectivity result, that the first cohomology group H 1 ( , C) is zero, for all congruence subgroups of G(Q).
We remark here that the result on injectivity follows from a special case of a general criterion obtained in [CV, Prop. 2.2] . Our formulation however is geometric and we give a direct proof of this result.
The injectivity of the restriction map as above, is equivalent to restricting the cohomology to the family of subgroups obtained by conjugating by all the rational elements G(Q) of the bigger group G. We call this the weak restriction. It is natural to ask if the restriction map is injective in a naive sense. By this we mean the natural map on the restriction of the cohomology of an arithmetic lattice contained in the ambient group G, to the discrete subgroup obtained by intersecting with the real points of a subgroup H . We show in Sect. 3, that the injectivity of the naive restriction is not possible in general even after conjugating by an arbitrary but fixed finite set of elements, once the level becomes sufficiently large. We do this by comparing the growth of the cohomology groups of and ∩ H (R) as one goes down the level. For this we prove some estimates giving a lower bound for the multiplicities of automorphic representations when one goes down the level of congruence subgroups, and this result seems to us of independent interest.
When the lattices are no longer cocompact, it is not clear that Oda's method can be applied, since it depends on the use of Hodge theory. In this situation when the lattices are no longer cocompact, we prove an injectivity result at the level of first cohomology by relating it to the relative congruence subgroup property. Bass, Milnor and Serre [BMS, p. 135] had shown that if an arithmetic lattice satisfies the congruence subgroup property, then all the first cohomology groups of with algebraic coefficients vanish. Raghunathan and Venkataramana [RV] used a relative congruence subgroup property to establish that the restriction map is injective at the level of first cohomology, provided the lattices are co-compact. We extend this result to non co-compact lattices. However the presence of unipotent elements in the non co-compact case, makes the proof in the non co-compact case simpler than the proof in the co-compact case. The main ingredient in the proof is a theorem of Raghunathan giving a criteria for a generalised congruence subgroup kernel to be finite. As a corollary we obtain a theorem of Millson [Mi] , that for certain congruence arithmetic lattices in SO(n, 1), the first Betti number does not vanish for n ≥ 5, by reducing it to the case of arithmetic lattices in SU (n, 1), where it is known by a theorem of Wallach [Wa] .
The restriction map
In this section we define the restriction map and prove Theorem 1. As a corollary we will deduce that for certain arithmetic lattices contained in SU (n, 1), H 1 ( , C) = (0).
Notation
Let G/Q semisimple algebraic group defined over Q, such that all the Q-simple factors are non-compact at infinity. G(Q) is a subgroup of G(A f ), where A f is the ring of finite adéles of Q. There is a natural topology on G(A f ) which makes G(A f ) into a locally compact totally disconnected topological group. Let 
is commensurable with a congruence arithmetic subgroup of G(Q). If is an arithmetic subgroup, then G(Q) is the commensurator group, consisting of those elements g ∈ G(R) such that g g −1 is commensurable with .
Let X denote the symmetric space associated to G(R), the space of maximal compact subgroups of G(R). To a point x ∈ X, we let K x denote the corresponding maximal compact subgroup of G(R) with Lie algebra k x . We have an orthogonal decomposition g = k x ⊕ p x , with respect to the Killing form. We assume that is a torsion-free arithmetic lattice in G(R). Denote by S( ) = \X, the corresponding manifold.
Suppose Z is a manifold and we have a smooth morphism φ : Z → \X. Let Z → Z denote the universal cover of Z, andφ :Z → X be the lift of φ. We will denote by φ * the corresponding morphism at the level of fundamental groups or at the level of tangent spaces, and φ * the pullback map at the level of cohomology or of differential forms. For any g ∈ G(Q), we denote by Z g the following manifold:
Since is an arithmetic lattice, the commensurator subgroup of is G(Q), and hence Z g is a compact manifold and is a finite cover of Z.
Definition 1.
The restriction map is the natural map on the cohomology groups,
Here F is any field, which we usually take to be either Q or R. Note that since \X is a K( , 1) space, there is a natural isomorphism H * ( \X, F ) H * ( , F ) of the singular cohomology groups of \X with the group cohomology of . Suppose now that ⊂ G(Q) a congruence arithmetic subgroup. We have the natural morphisms at the level of cohomology groups,
.
be the composite morphism. Suppose now that F = R or C and that we are considering deRham cohomology groups. Let ω be a differential form representing a cohomology class in \X.
as a form on the universal coverZ. Then at the level of forms we have,
Definition 2. The weak restriction map or simply Res is defined to be
Suppose that X is a Hermitian symmetric domain. Assume now that G is anisotropic over Q. is then a cocompact arithmetic lattice and \X is a compact Kähler manifold. Let Z be a compact Kähler manifold and φ : Z → \X, be a holomorphic map. For a point m ∈ M with M a complex manifold, denote by T m M the holomorphic tangent space to M at m. With this notation we now have the following version of Oda's principle.
Theorem 1. Let X be a Hermitian symmetric domain and be a cocompact arithmetic lattice in G(Q). Let Z be a compact Kähler manifold and φ : Z → \X, be a holomorphic map. Fix an integer q ≥ 0. Assume now that φ satisfies the following: there exists a point y
Then we have an injection of cohomology groups
Proof. It is a consequence of the Kähler identities for the d and the∂ Laplacians on a compact Kahler manifold, that the holomorphic forms inject into the deRham cohomology groups of a compact Kähler manifold. Hence if a holomorphic form vanishes as a cohomology class, then the form is identically zero. Suppose now ω is a holomorphic q-form representing a cohomology class in H q ( \X, C), belonging to the kernel of Res. Then for any g ∈ G(Q), φ * g (ω) considered as a holomorphic form on Z g is identically zero. At the level of the morphismZ → X, this translates toφ
, and the action of G(R) on the space of forms on X by conjgation is a continuous action. Hence it follows
In particular, we have that if ξ ∈φ * (∧ q T Zφ (y 0 ) ), then g * (ω)(ξ ) = 0. By our hypothesis that the K y 0 span ofφ * (∧ q T Z y 0 ) is the whole of the holomorphic tangent space ∧ q (T Xφ (y 0 ) ), we obtain that
Now let x be any point on X and ξ be a q-multivector at x. We can find an element
Remark. We remark that we have made no mention of special points in the statement of the theorem, in contrast to the approach by [O] and [MR] (of course, [MR] obtain other information, like fields of definition etc, by considering special points). However, it is clear that the arithmeticity of is an essential ingredient in the proof, in that we require the commensurability group of to be dense in G(R). We will see in the next section that it is not possible to obtain injectivity for the restriction map in the strong sense, even after taking finitely many conjugates.
Corollary 1. With assumptions as in the theorem above, we have that the restriction map
Res :
is an injection.
Proof. This follows from the Hodge decomposition for a compact Kähler manifold M,
and the fact that a holomorphic map preserves the type of a form.
Corollary 2. Suppose that the symmetric space associated to G(R) is isomorphic
to the symmetric space associated to SU (n, 1). Let be a cocompact arithmetic lattice and let φ : Z → \X be a holomorphic map from a compact Kahler manifold Z of rank r at some point y 0 ∈ Z. Then for any q ≤ r,
Proof. This follows from the fact that for the group SU (n, 1), a maximal compact subgroup is S(U (n) × U(1)), and the associated action on the q th exterior power of the holomorphic tangent space is the action of SU (n) on ∧ q C n . This latter action is irreducible for q ≤ n.
Injectivity of restriction for compact quotients of the unit ball
We are now interested in applying Theorem 1 to the following situation. Let G be a connected, semi-simple, simply connected group defined and anisotropic over Q.
is a congruence arithmetic subgroup. Thus the first Betti number of can be computed in terms of the Betti numbers of i (1 ≤ i ≤ r). Hence we may assume that G is Q-simple, and that G(R) is non-compact. If G(R) = Spin(n, 1) or SU (n, 1) upto compact factors, then it is well known from the work of Matsushima, Kaneyuki, Nagano, Kazhdan, Kostant, Bernstein [BoW, p. 168] that
for all congruence arithmetic subgroups. Therefore we will henceforth assume that upto compact factors G(R) = Spin(n, 1) or SU (n, 1). Suppose H is a connected, semi-simple, simply connected group over Q, which is Q-simple. Suppose j : H → G is a Q-rational morphism of algebraic groups with finite kernel. It is then easy to see that H is anisotropic over Q as well. Assume also that H (R) is noncompact. Let X and Y denote respectively the symmetric spaces associated to G(R) and H (R). We denote by ∩ g −1 g ∩ H (R)) the subgroup j −1 R) . In this situation we have the following special case of Corollary 2. Note that in the situation below, ( ∩ g −1 g ∩ H (R))\Y is a manifold.
Theorem 2. Suppose G(R) (resp. H (R))
are SU (n, 1) (resp. SU (p, 1)) upto compact factors (then X H and X G are Hermitian symmetric domains). Assume that the natural map j R :
is injective.
A vanishing result
Our purpose now is to obtain a vanishing result for the first cohomology of certain types of arithmetic lattices in SU (n, 1), by the method of restriction of cohomology. We use and extend the vanishing results for the first cohomology of Rapoport, Rogawski and Clozel. Suppose F is a totally real number field of degree r over Q, and let E be a totally imaginary quadratic extension of F . Let σ denote the non-trivial element of the Galois group of E over F . Let D be a central division algebra of degree p 2 , p an odd prime, over E of the second kind with involution ι, such that ι(z) = σ (z) for all z ∈ E ⊂ D. Consider the special unitary group defined over F ,
where N red (x) denotes the reduced norm of x ∈ D * . Let
be the Weil restriction of scalars. Let ⊂ H (Q) be a congruence arithmetic subgroup. We have the following theorem, which was proved in some special cases initially by Rapoport [Rp] , by Rogawski [Ro] when p = 3 and by Clozel [Cl] when p is an odd prime.
Theorem 3 (Rapoport, Rogawski, Clozel) . With the foregoing notation,
Consider now a left vector space V of dimension k over D, together with a hermitian form B with respect to the involution i. Let G(B) be the Weil restriction of scalars of the special isometry group of this hermitian form. We assume that the form is such that G(B)(R) = SU (kp
Example. Choose a basis {e 1 , e 2 , · · · , e k } of V over D. Fix a set τ 1 , τ 2 , · · · , τ r of distinct non-conjugate embeddings of E into C. We continue to denote by τ i the map which sends an element x ∈ D * to x ⊗ 1 ∈ D ⊗ E,τ i C. With respect to any of the embeddings, we have that D ⊗ E,τ i C M(p, C), and the involution ι can be conjugated to the standard involution x →x t . The space of matrices A ∈ M(p, C) satisfying ι(A) = A, such that the unitary group of the hermitian form
Since the space {a ∈ D | ι(a) = a} is a subspace of D defined over F , by weak approximation we can find an element a ∈ D * (resp. b ∈ D * ), such that the isometry group of the hermitian form 
Let be a congruence arithmetic subgroup contained in Res F/Q (G)(R). As a corollary of Theorem 2 and Theorem 3, we obtain

Theorem 4. With notation as above,
H 1 ( \X, C) = 0.
Non-injectivity of naive restriction
In this section we show that it is not possible to obtain an injectivity of the restriction map on the cohomology groups, when one works with a naive notion of restriction. More precisely our aim is to show the following: 
cannot be injective for all congruence subgroups ⊂ G(Q).
Proof. The method of proof is to compare the growth of the cohomology groups as one goes down the level of . For a congruence arithmetic lattice corresponding to a compact open subgroup K ⊂ G(A f ), let m(π ∞ ⊗ π f ) be the multiplicity with which the representation π ∞ ⊗ π f occurs in L 2 ( (Q)\G(A)).
We recall the Matsushima formula [BoW] :
Note that G is assumed to be anisotropic over Q, hence the Matsushima formula is valid as stated. Let π = π ∞ ⊗ p π p be a cuspidal automorphic representation of G(A), such that the archimedean component contributes to the relative Lie algebra cohomology H 1 (g, k, π ∞ ) = 0. We note that for us, the symbol ⊗ p is a restricted tensor product. Let p be such that G(Q p ) is non-compact. Then we note that if π p is the "p-adic" component of π then π p cannot be finite dimensional: for, otherwise, this would mean that π p is one dimensional, and then by a well known argument using strong approximation, that π ∞ is also one dimensional, but the trivial representation of G(R) does not have non-trivial first cohomology as can be easily seen. Fix now a prime p such that G/Q p contains a factor locally isomorphic to SL n+1 over Q p . We will choose a sequence of compact subgroups and K p (m) denotes the principal congruence subgroups of level m at the prime p, i.e., the kernel of the reduction modulo p m of the group GL n (Z p ), 
We now recall a fact about the growth of invariants (under smaller and smaller open compact subgroups of G p ) of an admissible representation π p of a linear p-adic group G p over Q p . Let
where O runs over the collection of positive dimensional nilpotent orbits of G p in the adjoint representation on the Lie algebra of G p . The following proposition is a consequence of the theorems of Howe for GL n and Harish-Chandra for general G, on the germ expansion of characters of admissible representations. We refer to [DP, Prop. 1, p. 189] , and for a proof of the proposition, to [Sa2, p. 143] .
Proposition 1. Let π be an irreducible infinite dimensional admissible representation of G p . Let K p (m) be the principal congruence subgroup of level m. Then there exists a positive constant
It is easy to check that for G locally isomorphic to SL n+1 we have D = n. Hence it follows from combining the Proposition with the above estimate for the Betti number coming from the Matsushima formula, that for m large enough,
for some positive constant c 1 .
Note that the same proof shows the following result, which seems to us to be of independent interest. is finite, it follows that the growth of the cohomology group H 1 (g −1 g ∩ H (R)) is bounded above by,
Theorem 6. Let G be a semi-simple algebraic group over Q such that G(R) is noncompact. Let π be an irreducible infinite dimensional representation of G(R) which occurs discretely in
where c 2 is some absolute constant. Since for every g ∈ S, we have assumed that g ∈G(Z p ), we have that the elements of S normalise K p (m). Hence the growth of the volume as a function of m, is given by
From the structure of K p (0) it follows that
We have a filtration of the group,
where the kernels except the last one, can be identified with the vector spaceh(F p ), whereh denotes the Lie algebra ofH . Suppose that H (R) is locally isomorphic to
for some constant c 4 . But then this does not grow as fast as the cohomology group of H 1 ( m \X, C), provided we assume that n > 3r.
Remark. It is clear from the proof that we could have assumed H (R) to be locally isomorphic to SU (k, 1)×SU (k+1) r−1 , provided the inequality r((k+1) 2 −1) < n holds.
Congruence subgroup property and first Betti number
Our aim in this section is to prove that the weak restriction map is injective at the level of first cohomology when the lattices are no longer co-compact. For cocompact lattices this result was proved in [RV] . Even when both the groups involved are unitary groups, Oda's method cannot be applied directly as it rests on the use of Hodge theory. Let G, H be connected, simply connected Q-groups, which are Q-simple, with a morphism j : H → G of Q algebraic groups. The group G(Q), can be equipped with two topological group structures, obtained by defining an arithmetic (resp. congruence) subgroup of G(Q) to be an open subgroup. These topological structures will be respectively called the arithmetic and the congruence topologies on G(Q). The group G(Q) admits a completion with respect to these topologies in the sense of [Bour] , and we will denote by G(Q) a (resp. G(Q) c ) the arithmetic (resp. congruence) completions of G(Q). We have the following exact sequence,
where π is induced by the identity map on G(Q). Here C(G) is the congruence subgroup kernel and is a profinite group. The group C(G) being trivial, amounts to saying that every arithmetic subgroup is a congruence subgroup. The congruence subgroup problem is the determination of the congruence subgroup kernel. In particular the question is to know when C(G) is a finite group. It was shown in [BMS] , [Ra1, page 153] , that if C(G) is finite, then H 1 ( , ρ) = 0, for any finite dimensional representation of . In [RV] , a relative version of the congruence subgroup property was established, and used to show the injectivity of the restriction map on cohomology provided the lattices are cocompact.
Notation
Let ⊂ G(Q) be a congruence arithmetic subgroup. Then g −1 g ∩ H (R) = g is a congruence arithmetic subgroup of H (Q). Analogous to the restriction maps defined in Section 2, we can define restriction maps at the group cohomology level as follows:
Definition 3. Define the map j * as the restriction map
If g ∈ G(Q) and ⊂ G(Q) a congruence arithmetic subgroup, then we have an isomorphism g * :
be the composite morphism j * g * .
Definition 4. The restriction map or simply Res is defined to be
Res := g∈G(Q) j * g : H * ( , Q) → g∈G(Q) H * (g −1 g ∩ H (R), Q).
Relative congruence subgroup kernel
Fix a congruence subgroup ⊂ G(Q), and g ∈ G(Q). Then 
It may be checked that for g ∈ G(Q), Image(j g ) * = g −1 Image(j 1 ) * g. Let N H be the closed subgroup of C(G) generated by
Define the relative congruence subgroup kernel
As has been observed in [RV] , C(G, H ) is related to the restriction map Res :
Proposition 2. If C(G, H ) is finite or even torsion, then
A Theorem of Raghunathan
The main ingredient in the proof of our theorem is a theorem of Raghunathan giving a criterion for a generalised congruence subgroup kernel to be finite. In this section we assume from now onwards that G, H are isotropic over Q and that
The Q group G is in particular an algebraic variety, and we denote by dim(G) its Zariski dimension. Denote by ±α, ± 2α the non-zero roots of A acting on the Lie algebra of G. Denote by U + = U α the subgroup of G corresponding to the Lie subalgebra of the Lie algebra of G , which is the direct sum of the α root space and the 2α-root space. Let U − = U −α be the subgroup of G corresponding to the Lie subalgebra which is the direct sum of the −α and −2α root spaces. Put U ± H = U ± ∩ H . Then, U ± are maximal unipotent subgroups of G.
Let M denote the centralizer of A in G. It is known that the action of M on the α-root space is irreducible, being isomorphic upto twisting by a character to the standard representation of the orthogonal or unitary groups.
Let N ⊂ C(G) be a closed subgroup of the congruence subgroup kernel C(G) of G, normalised by G(Q). Hence it will also be normalised by G(Q) a . Let C = C(G)/N. The closure of U ± (Q) ⊂ G(Q) in the group G(Q) a is isomorphic to U ± (A f ), since π splits over U ± (A f ) [Ra1] , [Ra2] . We recall that π is the natural map from G(Q) a onto G(Q) c = G(A f ). Let
G(Q) N = G(Q) a /N.
Via π −1 we get sections σ ± : U ± (A f ) → G(Q) a → G(Q) N . LetĜ p be the group generated by σ + (U + (Q p )) and σ − (U − (Q p )) in G(Q) N . We have the following theorem of Raghunathan [Ra1] , [Ra2] :
Theorem 7 (Raghunathan [Ra1] , [Ra2] , [Ra3] ). Proof. i) follows from the fact that the Pontrjagin dual of C injects into the metaplectic kernel, and the metaplectic kernel is known to be finite [Ra3] . ii) is a restatement of [Ra2, Prop. 2.14].
Injectivity of restriction in the non-co-compact case
We have the following theorem extending the results of [RV] to the case when is no longer a co-compact lattice. 
